SUGGESTED SOLUTIONS TO HOMEWORK 1

Solution 1. (1) Since the characteristic system gives

dr dy  du
x oy xe v’

therefore by Lagrange theorem, the general solution is determined by

G(x,a:—e“) =0,
Y

where G € C! is an arbitrary function.
(2) Since the characteristic system gives

dx dy du

w(y?+u) oyl +u) (@ —y?)

therefore by Lagrange theorem, the general solution is determined by
G(xyu, z* + y* — 2u) = 0,
where G € C! is an arbitrary function.
Solution 2. (1) We parametrise the curve carrying the initial data by
x2(0,8) =0, y(0,s)=s, u(0,s)=coss.
Since the characteristic equations are given by

dx(t,s)

therefore

2 3

t t
xz(t,s)=t, y(t,s)= ) +s, u(t,s)= 5 + ts + cos s,

solving t, s in terms of x,y, the solution is obtained as
1 x?
u(x,y) = zy — gxg + cos (y - 2) .

(2) We parametrise the curve carrying the initial data by

xz(0,s) =s, y(0,s) =1, wu(0,s)=2s.
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Since the characteristic equations are given by

dzx(t
3 ),
dy(t, s)
=yt
o y(t, ),
du(t
U85 afh,s),
therefore
1 3 1
_ 9t Lot _ ot 9t Lt
x(t,s)—2se 55 y(t,s) =€, ult,s) 55¢ +286 )

solving ¢, s in terms of x,y, the solution is obtained as

3y +1 V3

. Y> —.
32-1 773

u(z,y) =2

Solution 3. (1) From the equation, since the characteristic system gives

dr  dy
1 oz’
therefore the solution is constant along the characteristic curve I' : y — 2—2 =c,

where ¢ € R is an arbitrary constant. Note that I' intersects the z-axis at the
points (++v/—2¢,0) for ¢ < 0, therefore, it is necessary to require f to be an even
function for a solution to exist.

(2) Since the characteristic curve I" intersects the x-axis only for ¢ < 0, therefore

. . . . . .o, . .o . 2
the solution is uniquely determined by the initial condition for {(z,y) : y — % < 0}.

Solution 4. (1) Since

d
d—i(s,mo—i—tv,v) = (Orf +v-Vaif)(s,z0+ sv,v) =0,

therefore
f(taxa U) = fO(:E - S’U,’U).

Moreover, since f0 € C1(R3 x R3), we have f € C1(R; x R3 x R3).
(2) For p = oo,

£ ()| Lo (2 xr3) = 110l Lo (RE xR3)-

For 1 < p < oo, by change of variables y = x — tv,

1£(6) | oz ey = / / £ — 50, 0)Pdvda:
RS JR3

= [ [ 15w vy
R;’ R3

:HfOHLP(Rngg).
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(3) Since

flt,z,v)dv

g/ |z — tv,v)|dv
RS

R3

§/ sup |fO(z — tv, w)|dv
R

3 weR3

1
<L [ up 17 .
t° Jr3 wers



